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Abstract 

We present a comparison of the noncommutative field theories built 
using two different star products: Moyal and Wick-Voros (or nor- 
mally ordered). For the latter we discuss both the classical and the 
quantum field theory in the quartic potential case, and calculate the 
Green's functions up to one loop, for the two and four points cases. 
We compare the two theories in the context of the noncommutative 
geometry determined by a Drinfeld twist, and the comparison is made 
at the level of Green's functions and S-matrix. We find that while the 
Green's functions are different for the two theories, the S-matrix is 
the same in both cases, and is different from the commutative case. 



1 Introduction 



It is likely that at short distances spacetime has to be described by different 
geometrical structures, and that the very concept of point and localizability 
may no longer be adequate. This is one of the main motivations for the 
introduction of noncommutative geometry [H, 0, 0]. The snnplest kind of 
noncommutative geometry is the so called canonical one [4, 5]. What is 
usually done for the construction of a field theory on a noncommutative space 
is to deform the product among functions (and hence among fields) with 
the introduction of a noncommutative * product, so that for the coordinate 
functions one has 

[x\ x% = x'i< - x^ i.x' = W^. (1.1) 

In the simplest case 9^^ is constant, i.e. it does not depend on the x's. The 
choice of the -k product compatible with fll.lj) is not unique, in the following 
we will introduce two different products, the Moyal [g], 0] and Wick-Voros jl, 
lllj l and compare their "physical predictions". 



There are several reasons to consider field theories on a noncommutative 
space equipped with the standard canonical noncommutativity, ranging from 
intrinsic motivations to the localizability of events [3, to string theory 12 



to constructive field theories 13|- Field theories on noncommutative spaces 
have interesting renormalization properties [IJ, |15| . For a review see 
their references and their citations. What we will compare are field theories in 
which the product among fields is substituted by the two different ^ products. 
This leads to an action in which arbitrary degree derivatives of the fields are 
present, as a series in 9. Written in terms of derivatives the two actions with 
the Moyal and Wick-Voros products are different. There is however a map 
which renders equivalent the algebras generated by the twoproducts. Field 
theory with the Wick-Voros product has been discussed in [l8| as regularizing 
model, their conclusion (that ultraviolet divergences persist) is in agreement 
with ours. 

This paper originates from the consideration that one can reason in two 
ways: one point of view is to say that what counts is the noncommutative 
structure of spacetime, and the -k product is just a way to express this intimate 
structure, and therefore one chooses the most convenient product. As long as 
one is describing the same field theory, the results should be the same, a fact 



noted already in [19|. Another view is to claim total lack of interest in the 
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noncommutativity of spacetime. What counts is the fact that one has a field 
theory on ordinary spacetime, whose action contains an infinity of derivatives 
of arbitrary order. With this second point of view one would not in principle 
expect the same physical results from the two theories. In this paper we 
calculate the Green's functions of the Wick-Voros field theory, and found 
them to be different from the Moyal case. This leads to a contradiction. We 
will see that the contradiction is only apparent. Green's functions are not 
observable quantities, what is observable is the S-matrix. 

Discussions of the properties of the S-matrix often go together with the 
issue of Poincare invariance. Relation (11. ip is not Poincare invariant, and this 
casts doubts on its being fundamental. It is however possible to build a theory 
which is invariant under a deformation of the Poincare Lie algebra, so that the 
theory becomes a twisted theory. This theory has a symmetry described by 
a noncommutative, non cocommutative Hopf algebra. In particular the kind 
of noncommutativity described by the two -k products is the one generated 



24, m 



by a twist 121|, |22|. Then the theory has a twisted Poincare symmetry |23l . 



The presence of a twist forces to reconsider all of the steps in a field theory, 
which has to be built in a coherent "twisted" way. We will see that there is 
equivalence between the two theories at the very end, where by "very end" 
we mean the calculation of the S-matrix. Prior to this, vertex, propagators 
and Green's functions are in fact different. Moreover the equivalence is only 
obtained if a consistent procedure of twisting all products is applied. In this 
way the Poincare symmetry, which appears to be broken in (11. ip . is preserved, 
albeit in a deformed way, as a noncommutative, non cocommutative Hopf 
algebra. 

There is some ambiguity in the issue of twisting, and some results have 



been somewhat controversial 26, 27, 28, 29, 30, 31, 32, 33, 34, 35 . In an 



optimal world one should let experiments resolve these ambiguities. Unfor- 
tunately the noncommutative structure of spacetime is not yet mature for a 
confrontation with experiments at such a level. What we do in this paper 
is to use the field theories built with the Wick-Voros and Moyal products 
to check each other. We will see that using a consistent twisting procedure 
we obtain that at the level of S-matrix the two theories are equivalent. This 
gives us the indication on the procedure to follow for noncommutative theo- 
ries coming from a twist. 
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In this paper we will consider exclusively spatial noncommutativity, i.e. 
time is a commuting variable. The matrix 9 therefore is of the form 



(1.2) 



with e the antisymmetric tensor of order two. 

The paper is organized as follows. In Section 2 we introduce the two 
products. In section [3] we discuss the classical free field theory for the Wick- 
Voros product. In section H] we calculate the Green's functions for the two 
theories for the two and four point case to one loop, and compare the two 
cases. In Sect. |5]we describe the two products as twisted noncommutative 
geometries. In section [6] we describe the relevant twisted products which we 
then use in Sect. [7] to calculate the S-matrix. A final short section contains 
the conclusions. 

2 The Wick-Voros and Moyal Products 

In this section we describe in a comparative way the two -k products we are 
using in this paper. The most well known product is the Moyal product 0, 0] 



where the operator di (resp. dj) acts on the left (resp. the right). This 
product comes from a Weyl map which associates to a function on the plane 
an operator according to: 



f{x)'kM g{x) = f{x)e 




(2.1) 




(2.2) 



where / is the symplectic Fourier transform of the function /: 




(2.3) 



Oij is the inverse of 6^^ , and the X are operators which satisfy the commuta- 
tion relation 
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It is useful to think of the operators X in two dimensions in an abstract way, 
without reference to spacetime and define them as 

^ a + a) 

a — , ^ 

X,_^-^ (2.5) 

and a is an operator which we define on a certain basis by its components as 

Snm = V^5m,n+1 (2.6) 

with m, 72 > 0. Of course we are using the analogy of the commutation 
relations (12. 4p with the usual quantum mechanical commutation relations, 
and using the |n)'s as a convenient basis. 

The Moyal product is then defined as 

f^Mg = ^-^(^M{mM) (2.7) 

From this expression is not difficult (see for example ^]) to obtain integral 
expressions for the product, a few of which are collected in [s^, Appendix]. 
The standard expression is then an asymptotic expansion of the integral 
expressions [38 . 

One important property of the Moyal product is that 

dV^M<7= \ d^xfg (2.8) 



and obviously 

- -kM x^ = i6 (2.9) 

We now proceed to the definition of the Wick-Voros product. For the 
following it is useful to consider the space as a complex plane defining: 

x^±ix^ , . 

where of course z*j^ = Z-. With this substitution we define the Wick-Voros 
product as 

f^y9 = Y.[^] ^+f^-9 = f^''^'~9 (2-11) 



where 

Notice that the Moyal product (12. 7p may be rewritten in these coordinates 



as 



It results 



f^M9 = fe-^^'^'-'-'^'>g (2.13) 

Z+ -ky Z- = Z^Z_ + 9 

Z^-ky Z+ = Z^Z^ (2-14) 



and therefore 



W,z^l,=e (2.15) 

Going back to the x's, it is possible to see that this relation gives rise again 
to the standard commutator among the x's: 

i^v x'^ - x'^ i^v = ie (2.16) 

With the z± coordinates the Laplacian and the d'Alembertian are respec- 
tively = 2d^d^ and □ = 9g — V^. The integral on the plane is still a 
trace, but the strong condition of (12.81) is not valid anymore: 

J dhf *v9 = J d'zg ^vf^j d'zfg (2.17) 

where by d^z we mean the usual measure on the plane dz+dz^. We will also 
use the notation 

*. = ^ (2.18) 

for a generic vector k. 

The Wick-Voros and Moyal products can be cast in the same general 
framework in that they are both coming from a generalised 'Weyl map". 
More precisely, as we saw in (12. 2p the Moyal product comes from a map which 
associates operators to functions, with symmetric ordering. The Wick-Voros 
product comes from a similar map, a weighted Weyl map as follows: 

^vif) = ^J d'r]fir],r])e''^^'e-''>^ (2.19) 
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An equivalent way to associate the operators Cly{f) to a function / = 
J2mn fmnZ^z^ analytic on the plane is: 

^v(/) = $^/™nat-a" (2.20) 

mn 

where a has been defined in (12.61) . Thus effectively the map (12.201) corre- 
sponds to the normal (or Wick) ordering (and is sometimes called normal 
ordered product). In this sense the two rnaps correspond to two different 
quantization procedures (see for example [39|, |40|). 



3 Classical Free Field Theory 

Although the main interest of this paper is in the interacting quantum field 
theory, we start the discussion from the classical free case. In this section 
we discuss the kind of field theory one obtains from a deformation of the 
free Klein-Gordon action based on the Wick-Voros product. Such analysis 
is unnecessary in the Moyal case, because in that case the action, being 
quadratic in the fields, is the same as in the commutative case. 

We consider a field theory described by an action which is a Wick-Voros 
deformation of a scalar field theory action, obtained inserting the star prod- 
uct. Consider a classical free theory and its action, Lagrangian density and 
Lagrangian defined as: 

5*0 = J dtLo = Jdtd^zCo = J dtd^z - [df^ip -ky dfj,ip — m'^(p -ky Lp^ (3.1) 
With the help of (12.111) it may be rewritten as 

So = j dtdh i (d,ipe'^+^d^^ - mVe'^^</^) 

dtd'^ [e"^^\-dl - m^)] v9 (3.2) 

This is a theory which contains an infinite number of the derivatives of the 
fields, and in principle even the Cauchy problem would not be well defined. 
This appears to be the biggest difference with respect to the noncommutative 
field theory defined via the Moyal product. In the latter case the action being 
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the same as in the commutative case, the solution of the free theory is still 
given by plane waves, and upon quantization the propagator is the same as 
in the commutative case. This time instead the action is different, the theory 
is non local as it contains derivatives of arbitrary order. 

The two products are equivalent in a precise technical sense: there is an 



invertible map [4l|, |42 



r(/) = 5^rt„(/) (3.3) 

n 

with the tn differential operators, such that 

T{fMig) = nf)^vT{g) (3.4) 

where 

T = e^^' (3.5) 

Therefore the two products define the same deformed algebra. This is cer- 
tainly true if we consider functions as formal power series in the generators. 
The issue can be more complicated in the realm of C*-algebras. Starting 
from the same set of functions the completion in the supremum norm of the 
two products could in principle be different. 

The fact that the algebra is the same does not mean that the two de- 
formations of an action are the same. Therefore let us map the free action 
5*0 (13.11) written with the Wick-Voros product to the corresponding action 
with the Moyal product, using (13.51) . to find which Moyal theory corresponds 
to it. 



The action (13. II) is mapped into: 

S'o = J dtd^zT-\Co) 

= J dtd'z \ ((e-t^^9,y.) (e-t^'a,^) 



-m e 4 pTA,/ e * 



/ 2 -'- f -^V2o 2 — 

dtd z - yo^^pe 2 ^ (j^ip — 2^ i_p 



2 



(3.6) 
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which is not the free action with the Moyal product. In fact in the latter case 
the noncommutative product could be eliminated from the integral leaving 
just the free commutative action. Therefore, the two actions being different, 
they could in principle give different equations of motion. 

Since we are dealing with a theory involving an infinite number of deriva- 
tives we can ask whether we would need an infinity of boundary conditions 
to solve the classical theory. This is not so, as the higher derivatives ap- 
pear as analytic functions of the Laplacian, and in this case the boundary 
problem is the same as in the standard case. Note that with our choice of 
9^^ our equation is second order in the time derivatives, so that the initial 
value problem requires knowledge of the field and its derivative as initial 
condition. But also if we had deformed the time derivatives, the initial data 
for the Cauchy problem would have been the same if the higher derivative 
had been an analytic function of the d'Alembertian. For more details and 



references see the recent paper [43 



Let us derive the classical equations of motion starting from the variation 
of the action. Since the standard techniques have been developed for a theory 
with a finite number of derivatives, we will proceed from first principles and 
start from the infinitesimal variation of the field: 

if ^ ip + 5ip. (3.7) 

It is not difficult to see that the corresponding infinitesimal variation of the 
action under such a transformation is given by 



6So = J dtd^z {{do(p) -ky (dodifi) - (d+ip) -ky (dSip) - (d+Sip) -ky {d^^p) 

—im?ip ky 5ip) , (3.8) 

where we have used the trace property of the integrals with Wick-Voros 
products. By integrating by parts and using once again the trace property 
we obtain, up to boundary terms: 

SSo = - J dtd^z{5ip) ky {dodoip - 2d+d-ip + m^) , (3.9) 

namely 

/°° an 
dtd^z J2 —dl{S^)d'l {dodoip - 2d+d-p + mV) • (3.10) 
n=0 
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By integrating once again by parts we obtain: 



SSo = - f dtd^z ^-y^('5</')5+5- {dodoy^ - 2d+d^^ + mV) , (3.11) 

n=0 ^' 

that is 

6So = - J dtd'^z{5ip)e-^^+^- {dodo - 2d+d- + m^) v?. (3.12) 

Since the variation of the action 5S must be vanishing for any variation of 
the field 5ip, we obtain that the equation of motion is given by 

g-ea+o- (^Q^Q^ _ +m^)^ = 0. (3. 13) 

Equivalently, it can be written as: 

e-f (□ + m^) = (3.14) 

As we can see, the equation of motion (13.141) differs from the classical Klein- 
Gordon equation 

(□ + m2)^ = 0, (3.15) 

only by the presence of the exponential of the Laplacian, an invertible op- 
erator. It is immediate to see that all solutions of the commutative theory 
are still solutions of the noncommutative one. It is in principle possible that 
there can be solutions of the noncommutative equation (13.141) which are not 
solutions of the commutative one. This is not the case, due to the invertibility 
of the operator e~2^ . 

Notice that the on shell condition is not altered by the presence of the 
deformation factor. In other words the dispersion relation is the same in the 
two cases. In fact in Fourier transform 

V^(^) = / (^^^'■^^(^) (3-16) 
and then the equation fl3.14p becomes: 

e-i^^ (□ + m^) j ^,^''-m = / i-k' + m') e^'^m = 0- 

(3.17) 
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The relation 

el^" -m^)if{k)=0, (3.18) 

gives the same on shell relation of the classical case since the exponential 
never vanishes. 

Classically therefore the two theories have the same solutions of the equa- 
tions of the motion, despite the fact that the action, the Lagrangian and the 
equations of motion are different. 



4 Green's Functions 



Let us consider a field theory described by the action: 

S = 5*0 + ^ J dtd^ z (p * (f * (f ik (p (4.1) 

where is either -kjy.j or -ky In the following we will use a generic -k for 
all relations and formulas valid for both products. We now calculate the 
Feynman rules for these field theories. 

Because of property (12. 8p the free theory is unchanged for the Moyal case. 
Therefore the Moyal propagator is the same as in the undeformed case. In 
the Wick-Voros case 18 there are differences. 



To this purpose let us rewrite the action 5*0 in Eq. (13. 2p in the form 

So= [ dtd^z dt'dh' ip{t, z)K{t, t', z, z')ipit', z') (4.2) 



with 

K{t,i!,z,:^)=^-^^\-dl-m')b{t-i!)b''{z-z'). (4.3) 

The quantum propagator A^^(x, y) is the two-point Green's function of 
the free theory, that is, the inverse of the operator 

A.„(,„.,,) = y|^e-(-.-)^. (4.4) 
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We can read off the propagator in momentum space, and compare it with 
the one in the Moyal (and undeformed) case 



G^ojip) = 2 (4.5) 

Since the poles in the propagator in momentum space are the same as in 
the commutative theory, despite the change in the propagator, the free field 
theory with the Wick-Voros product is the same as in the commutative (and 
Moyal noncommutative) case. This is the quantum counterpart of the pre- 
vious result that the solutions of the classical equations of the motion are 
the same. Nevertheless the two propagators are not identical, and we will 
have to take this into account in the following. Note however that for infi- 
nite momentum there is an essential singularity, or a zero, of the propagator, 
according to the sign of 6. The meaning of the essential singularity is not 
clear, but the oddity is that the sign of 9 has no physical meaning since it 
can be changed by an exchange of the sign of one of the two coordinates, in 
a theory which appears to be parity invariant. We will see later that, with 
the proper twisting of the theory, also this paradox is solved. 

We now proceed to the calculation of the interaction vertex in the Wick- 
Voros case, comparing it with the theory obtained with the Moyal product. 
In this latter case the difference with respect to the commutative case resides 
in the fact that the vertex acquires a phase j4^. In order to see the corrections 
let us write down the Moyal product as a convolution twist in momentum 
spac^: 

U^Mgm = I (0j^/(A:)^(A:')e^^'^+^')-^e-i''^^-^^' (4.6) 

where / and g are the Fourier transforms of / and g and 

kAk' = e'^hk'j (4.7) 

We see that in momentum space the Moyal product is the standard convolu- 
tion of Fourier transforms, twisted by a phase. For the Wick-Voros product. 



*Some of the formulas of this sectfon are specific to our 2+1 case, but the results are 
more general. 
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defining k± = (ki ± ik_) / \pl in a way analogous to fl2.1Up we have 

^jm{k')e'^'^' >'e-''-'^ (4.8) 
Explicitly the exponent of the twist in the convolution can be expressed as 

k-k'^ = ^ (^k ■ k' + ik A k'^ (4.9) 

with the same imaginary part as in the Moyal case (14. 6 p plus a real part. 

For a theory in ordinary space the four points vertex in momentum 
space is the coupling constant multiplying the S of momentum conservation: 

V = -i^^{27rf6'[J2ka] (4.10) 



In the Moyal case we have that the vertex acquires a phase factor due to the 
twist in the product (14.60 : 

a<b 

The presence of the phase in the vertex makes it non invariant for a generic 
exchange of the momenta. This is a consequence of noncommutativity and 
of the fact that the integral of Moyal product of more than two functions 
is not invariant for an exchange of the functions. Invariance for a cyclic 
rotation of the factors still survives. This gives rise to a difference between 
planar and nonplanar graphs, and ultimately to the well known phenomenon 



of infrared-ultraviolet mixing |45 



In the Wick-Voros case the correction, due to (14.90 . is not just a phase, 
but it contains a real exponent: 

_ y JJ' g-0fca_fcb+ _ y JJ" g-|(£-fcl,+jfcaAfcJ,) (4-12) 

a<b a<b 

The exponent can have both signs, and in some case it could diverge exponen- 
tially for large external momenta. The divergence is however compensated 
by the fact that, to the four points function, there must be added the contri- 
bution of the four propagators, each of which comes with an exponentially 



12 



convergent part. These convergent parts compensate the possibly divergent 
contributions of the vertex for positive 9. 

We can write the vertices with an unified notation as 

V^ = vWe^'^'^' (4.13) 

a<b 

where 

u . K - / --2^''^-i^bj Moyal , . 

Ka*l^b I -ekaM+ Wick-VorOS ^ ^ 

To calculate the four points Green's function in the Wick-Voros case at the 
tree level we must attach to the vertex four propagators (14.51) . each carrying 
an exponential. The four points Green's function therefore is 

With some simple algebraic passages we can express the exponent as 

h+ (4.16) 

= i + |fc4p + 2iEa<fe^a A 4+ 1^1 + ^2 + ^3 + ^41 

The 6 of conservation of momentum effectively kills the last term, so that 
the four point function, at tree level, is 

p-|El-il^ap T-r U'lka^kt, / 4 \ 



Ua=l (^a - 



,a=l 



Noticing that in the Moyal case, because of antisymmetry, it results p»p = 0, 
we can express in the unified notation the Green's functions as: 



= -ig{2nr-^—- -6 [J^ka] (4.18) 

Ua=l (kl -VP?) ' 



The presence of a real exponent for the Wick-Voros case could signify that 
the ultraviolet behaviour of the theory could be different from the Moyal 
(and the commutative) case. Hence we calculate the one loop correction 
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to the propagator, and verify the ultraviolet behaviour of the theory under 
renormalization. The presence of the phase in the four point function in the 
complete vertex (14.171) makes it non invariant for a generic permutation of 
the external momenta, and this in turn implies that the planar and nonplanar 
cases are to be treated differently, this is what happens in the Moyal case as 
well. Consider first the planar case in figured] (a). The amplitude is obtained 




P -p 




(a) (b) 

Figure 1 : The planar (a ) and nonplanar (b ) one loop correction to the prop- 
agator 

using three propagators fl4.5l) . two with momentum p, one with momentum 
q, and the vertex (14.121) with assignments ki = —k^ = p and /c2 = — ^3 = <1, 
and of course the integration in q and the proper symmetry factor: 

g r d^g Q-9i'2p-p++q-q+)Q-dip-q+-p-g+-p-p+-q-q+-q-p++q-p+) 



3 J (2jr)3 (p2 - m2)2(^2 _ ,„2) 

= _i« [J^ <L!1!1 (4.19) 

3 J (27r)'^ (p^ — rn^Y^q^ — m?) 

where the first exponential is due to the propagators, and the second to the 
vertex. In this case all the contribution due to q cancel, so that there is no 
change in the convergence of the integral. 

We now proceed to the discussion of the nonplanar case, in Fig. [T] (b). 
The structure is the same as in the planar case, but this time the assignments 
are instead ki = —k^ = p and k2 = —k^ = q, and we have: 

g r ^-e(2p^p++q^q+)^-e{p^q+-p^p+-p^q+-q^p+~q^q++p^q+) 

g f d^q Q-^ip-p++v^Q) 

~'6 J (27r)3(p2_ ^2)2(^2 _ ^2) (^'^O) 
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This time the q contribution does not cancel completely, and there remains 
the factor 

P-q+ — q^p+ = ipAq (4-21) 

so that the phase factor of the Moyal case is reproduced. We can express in 
the unified notation: 

M2) .9 f d^q -^'^ 

(JTp 1- 



3 J [2t:Y [p^ — mP'Y^q^ — m?) 



6 7 (27r)3(p2_^2)2(g2_^2) ^ 

The ultraviolet divergence of the diagram is unchanged, with respect to 
the commutative case, for the planar diagram. In the nonplanar case there 
is the presence of the oscillating factor ipAqin the exponential. This factor 
softens the ultraviolet divergence, since it dampens the functions for high 
q, but is responsible for infrared divergences. We can conclude at this level 
that, while the Green's functions are different, between the Moyal and Wick- 
Voros case, their ultraviolet behaviour is the same as far as the momentum 
in the loop is concernecQ. This indicates that the noncommutative geometry, 
at the ultraviolet level, is basically described by the uncertainty principle, 
consequence of the commutator (11.11) . which is unchanged between Wick- 
Voros and Moyal cases. Nevertheless the two Green's functions are not the 
same because of the p» p term which vanishes in the Moyal case, but not in 
the Wick-Voros one. 

We now proceed to the one-loop Green's functions corresponding to the 
planar case of Fig. [2] In the NC case the Green's function correspondent to 




Figure 2: The planar one loop four points diagram. 

TThe convergence properties can however be changed by going to a different noncom- 
mutative space, such as a torus 
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it can easily be calculated by properly joining two vertices. It turns out that 
we have for the two cases 



P 8 ^ J (27r)3 (g2 _ ^2) ((^^ + ^2 _ _ ^2) ]-[4^^ (^2 _ ^2) 

(4.23) 

The exponent in the numerator can be rewritten as in f l4.17p and we see 
that the internal momentum q appears only in the denominator, so that also 
in this case the planar diagram has the same renormalization property of 
the undeformed theory. In the Moyal case the real part exponent of the 
numerator is not present. In the Wick-Voros case instead there is the same 
correction encountered at tree level. 

The three nonplanar cases are shown in figure [31 The calculation of their 




1) ^ ^ (2) ^ ^ - (; 

Figure 3: The non planar one loop four points diagrams. 
contribution is straightforward and gives, in momentum space. 



G 



(4) 



d^q 



(q2-m^)((k, + h-q)'-m^)YlU {K 



G 



(4) 

NPa 



d^q 



(4.24) 



(g^ — m?)[{ki + /c2 — qY — m?) na=i (^a ~ 



(4.25) 



with 



El = q • ki — ki • q = iq A ki 

E2 = k2»q-q»k2 + k3»q-q»k3 = 1(^2 Aq + k^Aq) 

E3 = ki»q-q»ki + k2»q-q»k2 = i{ki Aq + k2 Aq) (4.26) 
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Contrary to our expectations we find that the Green's functions are differ- 
ent. The Green's functions are not however directly measurable quantities, 
the S-matrix is. We will calculate it in the twist-deformed framework in 
Sect. El 



5 The Wick-Voros and Moyal Products as 
Twisted Noncommutative Geometries 

The main physical motivation to study field theory equipped with a ^ prod- 
uct is the belief that, at very short distances, the geometry of spacetime is 
deformed, with the deformation dictated by a small parameter, 9 in our case. 
In the presence of noncommutativity the concept of point is not well defined, 
and in fact the proper mathematical formalism should use the theory of C*- 
algebras and the language of spectral triples (see for example 
star product deforms the commutative algebra of functions on a space into a 
noncommutative algebra. The proper formal definition of the mathematical 
objects involved in the definition is beyond the scope of this article. For us 
it suffices to know that the plane equipped Moyal product can be made into 



a spectral triple [37|, |46 



As we have discussed in section E] the two products come from a different 
quantization of the same Poisson structure, which classifies * products up 
to equivalences [47]. They can also be seen as gauge equivalent for the 
(infinite rank) group of gauge transformations given by field redefinition of 
the kind 03.31) . Note however that the action is not invariant under the action 
of this gauge group. 

With the introduction of a different, but equivalent, product one can 
heuristically reason as follows. The presence of the noncommutativity de- 
scribed by f 1 1.1 1) gives the noncommutative structure of space, regardless of 
the realization of the product one uses. In fact one could avoid the use of a T*r 
product altogether, by considering the fields to be infinite matrices function 
of the operators X defined in (12. 5p and solving, for example with a path inte- 
gration, this matrix model. We tested this conjecture for a bosonic quantum 
field theory with a y?^ interaction and found that the two deformations of the 
action give different Green's functions. Interestingly however the ultraviolet 
structure of the two theories remains the same. We are nevertheless in front 
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of a puzzle. 

The element that we need consider to solve this puzzle is symmetries. 
The commutation relation (11.11) breaks Poincare symmetry, and this is not a 
desirable feature for a fundamental theory. The symmetry can be reinstated 
however at a deformed level, conside ring; th e fact that both products can be 



seen as coming from a Drinfeld twist [20|, |2l|. The noncommutative geometry 



described by either ^^r-product is therefore a twisted noncommutativity. 

Given the Poincare Lie algebra S and its universal enveloping algebra t/S, 
the twist JF which we will consider is an element of US ® US. For the Moyal 
and Wick-Voros case it is respectively 



0ij 

2 

Tv = exp[-ed+®d^] (5.2) 



J^M = exp[-i—di ® dj] (5.1) 



where partial derivatives stand for translation generators and have to be 
appropriately realized when acting on a given space. Following 48. 49. 5ol. 51 



we will consider the following point of view: the noncommutative geometry 
is a consequence of a twist of all products of the theory. Then every bilinear 
map fi defined as 

/i -.X^Y^Z (5.3) 

(where X, Y, Z are vector spaces) is consistently deformed by composing it 
with the appropriate realization of the twist J-'. In this way we obtain a 
deformed version fi^ of the initial bilinear map /x: 

/x^:=/io^-i, (5.4) 

The ^-product on the space of functions is recovered setting X = Y = Z = 
Fun(M). That is, if we indicate with mo the usual pointwise product between 
functions 0: 

mo : Fun(M) (g) Fun(M) — > Fun((M) 

mo{f^g) = f-g (5.5) 



^At this level we need not specify which kind of algebra of functions we are considering. 
The algebra of formal series of the generators is adequate, but more restricted algebras 
such as Schwarzian functions can also be considered. 
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the noncommutative product can be seen as the composition of mo with the 
twist: 

T : Fun(M) ® Fun(M) — > Fun(M) ® Fun(M) (5.6) 

so that 

f-kug = mo o J^-^]{f ® g) 

f^vg = rnooj^:^{f®g) (5.7) 

Associativity of the product is ensured by normahzation and cocycle con- 
ditions (see [i^, 50| for a short introduction; see also the book S^]). We also 



introduce the universal 7?.-matrix which represents the permutation group in 
noncommutative space 

n := J^2iJ^'^ (5.8) 

with 

J^2i{a®h) =T o oT{a®h) (5.9) 
and T the usual exchange operator 

T{a®b)=b®a. (5.10) 

For the cases at hand with the two twists given by (15.11) . (15.21) : it results: 

7^., = 7e.,, = ^-^ (5.11) 

that is, the exchange operator, and therefore the statistics, are the same in 
the two cases. 

The presence of the twist deforms the structure of the universal envelop- 
ing algebra of the Poincare Lie -alg ebra, rendering it a nonco commutative 



Hopf algebra. The analysis of [23|, |24, l25|, made for the Moyal case, can 



be repeated in the Wick-Voros case with similar conclusions. Therefore the 
representations of the undeformed Poincare algebra can still be used. We will 
see later in the paper the important role that the twisted Poincare symmetry 
will play in the equivalence between Moyal and Wick-Voros theories. 



6 Twist-deformed Products 

We have now the necessary ingredients to calculate a physical process, like the 
S-matrix for the elastic scattering of two particles. We recall than one of the 
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crucial ingredients in the importance of the S-matrix in physics is the issue of 
Lorentz and Poincare invariance. If we naively insert the Green's functions 
of Sect, m into the calculation of the S-matrix we would find a dependence 
of it from the external momenta, something like a momentum dependence 
of the coupling constant. What is more relevant for our purposes, we find 
that the result would be different for the Moyal and the Wick-Voros case, in 
contradiction with the heuristic reasoning we made in the introduction. We 
would also find a breaking of Poincare invarianc^. 

The reason for the breaking of Poincare invariance is that the commuta- 
tor fll.ip apparently breaks this invariance. However the invariance can be 
reinstated if one considers it to be a quantum symmetry, i.e. the Poincare 
algebra is not a cocommutative Hope algebra, but it has a nontrivial coprod- 



uct 



23, 24 



Our purpose is to show, with an explicit calculation of scattering ampli- 
tudes, that the naive procedure which leads to a difference among the two 
cases can be corrected by a coherent twisting procedure. We will see that, if 
the twisted symmetry is properly implemented, the final, "physical" result, 
will be the same in the Wick-Voros and Moyal cases, despite the presence of 
different propagators and vertices. We will consider the elastic scattering of 
two particles, as described in Fig. HI 



ki k 




Figure 4: The two particles elastic scattering 



The first consequence of noncommutativity is the fact that, since the ver- 
tex is non invariant for noncyclic exchange of the particles, we have to twist- 



§We are considering 9^^ to be constant. Another solution which preserves Poincare in- 
variance is to have it a tensor 0, [s^ or to have it transform together with the product 54 1 



The residual rotational invariance is an artifact of the two-dimensionality of the model. 
In higher dimensions also this invariance is broken. 
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symmetrize the incoming and outgoing states using the 7^-matrix. Several 
aspects of this twist symmetrization and the consequences for spin and statis- 



tics have been discussed in 27, 55, 56 . In the commutative case the order of 



the propagators into the vertex is irrelevant, and therefore this discussion is 
redundant. Here there are several twists at work and we have to be careful 
in considering all of them. 

Since we have to properly define multiparticle states as twisted tensor 
products, and accordingly modify the definition of their scalar product, for 
the remaining part of the section we will only deal with free fields solution 
of the Klein Gordon equation, and free states. In the next section these will 
serve to define the asymptotic states. 

Let us consider the two-particle state: 

\ka, h) = \ka) ® \h) (6.1) 

Although for the comparison we are going to make later we will not actually 
use the fact that the state has to be symmetrised, we will discuss the sym- 
metrisation of the states for completeness. Consider the exchange operator 

r \ka) \h) = \h) ® \ka) (6.2) 

The symmetrized state, eigenvector of the exchange operator r with eigen- 
value -|-1, is: 

, , \ka) (S) \kk) + \h) (g) \ka) 
Fa, h)simm = ^ (6-3) 

inserting the two expressions fl6.ll) or (16.31) does not make a difference in 
the calculation (of the connected diagrams) because of the invariance for 
exchange on the incoming momenta. The symmetries for identical particles 
change for the noncommutative case we have to take into account 



the fact that the tensor product is twisted, and moreover that the exchange 
is twisted as well. Therefore we define 

\ka,kb), = :F~'\ka,kh) (6.4) 

where by we indicate the twist that this time acts in momentum space: 



K'\ka)^\kb) = e^'^-^^^^ ® 1^6) (6.5) 
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This is not the only change we have to make to the state fl6.3p : the state 
has to be eigenvalue of the twist-exchange, given by the 7^-matrix acting in 
momentum space. The properly symmetrized state is therefore 

\ka, h)simm. = \ {^'' \ka) ® \h) + -^"'^-^ \ka) ® \h)) 

= \ [^''\ka)®\h)+^-^:P ^21 \ka)®\h)) (6.6) 

We define as usual the momentum eigenstates as created by the creation 
operators a^, a|.: 

|fc) = 4|0) (6.7) 
where a^, a\ are obtained in terms of the free field 



to be 

The operators a^, a\ may be regarded, for fixed A;, as functionals of the fields, 
therefore their -k product may be obtained as in 

a{k)i.Ma{k') = e--^'"^^'''^ a{k)a{k') 
a{k)^Ma\k') = e^^^'^^^'^ a{k)a\k') 
a\k)i<Ma{k') = e-^'"^^'''^ a\k)a{k') (6.10) 



a{k)^va{k') = e-^^-^'+ a{k)a\k') 
a{k)i.va\k') = e"'-''+ a{k)a\k') 
a\k)i.va{k') = e-^''-^+ a\k)a{k'). (6.11) 

Therefore we may reexpress Eqs. (16.51) and (16. 6p as 

\k,,k,)^ = al^al\0) (6.12) 
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and 

ai * at + ol -k at 
\ka, = '° |0) (6.13) 

The next step is the twist of the inner product. We consider it as a map 
from two copies of the Fock space of states into complex numbers. In the 
commutative case, for the momentum one particle states we have: 

(■ I-) : \k) ® \k') ^ {k \k') = (0| a^al |0) = 5(A; - k') (6.14) 

We twist this product in the usual way composing it with the twist operator: 

: \k) ® \k') ^ (■ I-) o : \k) ® \k') = ^-\k, k') {k \k') 



= (0|afc*4, |0) (6.15) 

with J^-^{k, k') given by the exponential factor in Eqs. (16. 5p for the Moyal 
and Wick-Voros case respectively. 

We are not yet finished twisting! Let us consider the inner product in the 
commutative case: 

(/ci, k2 |/c3, ki) = 5{ki - k'i)5{k2 - k^) (6.16) 

In the noncommutative case we have to twist the two-particle state accord- 
ing to (16. 5p . and then we have to twist the inner product according to the 
two-particle generalization of fl6.15p . In order to realise such a generalization 
we must consider the action of the twist on two-particle states. This is done, 
in canonical form, via the coproduct of the Hope algebra. Given a represen- 
tation of an element of the Hope algebra on a space, the representation of 
the element on the product of states is given (in the undeformed case) by 

/^o{u){f ®g) = {l®u + u®l){f ®g) (6.17) 

The coproduct is responsible for example of the Leibnitz rule. For the twisted 
Hope algebra the coproduct is deformed according to the fact that it is the 
7?.-matrix which realizes the permutations: 

A,(m)(/ ®g) = {l®u + n-\u® 1))(/ ® g) (6.18) 

However the twists we are considering are built out of translations, whose 
coproduct is undeformed: 

Ao(9,) = A,„(9i) = A,^{di) = l®di + di®l (6.19) 
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Since we are acting on two-particle states we need to define also 

Ao{di O dj) = A^{di (g)dj) = l^l(g)di(g)dj + di(g)dj^l(g)l (6.20) 
Therefore the twisted inner product among two-particle states 

hk2 j ksk^^ = (■ I-) o A,(J^-i)( \kik2) ® |A;3A;4)) (6.21) 

may be easily computed to be 

' *M \ ... 

ki,k2 I ks,kA = e^''"('^^»+'=^«)('^«.+S)(fci,A;2 |A;3,fc4) 



*v 



ki,k2 I ks,kA = e^(^'^-+'=^-)('=^++'=^-)(A;i,A;2 |fc3,A;4) (6.22) 



We can now calculate the twisted inner product of twisted states. Combining 
f l6.22p with 06.51) we obtain the simple expression: 



kuk2 I k,,kA = e^'"^-'''^"^^ (A;i,A;2 |A;3,A;4) 
ki,k2 \ k3,ki\ = e'^^<^''-''''+ {ki,k2\k3,k4) (6.23) 



that is 

' k,,k2] ks,k,\ = e-^'^<^'^"''^ {k,,k2\ks,k,) (6.24) 



with ka • kb defined in f l4.14p . 

Recalling the results (I6.1UI) and (16. lip , we can cast the previous expression 
in the form: 

ki, k2 ] ks, k^ = (0| Ofci -k ^ 4^ -k 4^ |0) (6.25) 

This is in some sense also a consistency check. We could have started with the 
commutative expression (fci, /c2 |/c3, k^) = (0| (ikia'k20'k3^k4, |0) twisted the 
product among the creation and annihilation operators, obtaining the above 
result. We decided to follow a longer procedure to highlight the appearance 
of the various twists. 
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7 The twisted S-matrix 



Let I/) , \i) denote a collection of free asymptotic states at t = ±00 respec- 
tively. We also assume that we can define in some way the one particle 
incoming and outgoing states. This is a nontrivial assumptioifl, in a theory 
in which localization is impossible the concept of localization may not be well 
defined. Nevertheless is it reasonable to expect that also in this theory, for 
small 6 for large distances and times it will be possible to talk on incoming 
and outgoing states, expandable in the eigenvalues of momentum \k). 

As in standard books in quantum field theory we define the S matrix as 
the matrix which describes the scattering of the initial \i) states into the final 
I/) states 



Sfi= (/h> = (/I ^10 = (/l^h) (7-1) 

in* \ I *out out* \ I *out in* \ I *in 

where the twisted inner product of twisted states fl6.23p is understood. The 
one-particle asymptotic state is defined as in (16.71) to be 

\k)m = N*{k)al |0),„ = -N.{k)^=J== [ d'xe-'^'- 5 ^..(x) |0),„ 

(7.2) 

with N^{k) a normalization factor to be determined for the Moyal and Wick- 
Voros cases separately. Analogously for the out states. Moreover we assume, 
as in the commutative case, that the matrix elements of the interacting field 
(p{x) approaches those of the free asymptotic field as time goes to =Foo 

hm {f\v{x)\z) = Z'/'{f\^.,..,{x)\t) (7.3) 

a;0— >itoo rn 

with Z a renormalization factor. To be definite let us consider an elastic 
process of two particles in two particles. According to the previous section 
we have then 

Sf^,{ku .., k,) = lkrk2 i k^k\ = e^a<.ka'k, 1^^^^^ Iksk,)^^, (7.4) 



which can be expressed in terms of Green's functions, following the same 
procedure as in the commutative case (see for example [s^]). On repeatedly 



^We thank Harald Grossc for bringing this fact to our attention. 
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using fl7.2l) and 07.31) we arrive at 



Sfi = ( ^1^2 I ^3^4 / = disconnected graphs 



out* 



+ N,{h)N4k2)N4h)N4h){tZ~'/^fe-^^<^'^''' (7.5) 

_^_^g-ifc.x'"(52 ^ ^2)^^^^^^ 

where X2, xs, X4) is the four-point Green's function. 

In order to fix the normahzation of the asymptotic states let us compute 
the scattering amphtude for one particle going into one particle, at zeroth 
order. Up to the undeformed normalization factors N{pa), this has to give a 
delta function 

N{k)N{p)6^{k-p) = N*{k)N4p) (k]p 



in* \ I out* 

N:{k)N^{p)e-"\Jk 



= N*{k)N^{p)e-'"P6\k-p) (7.6) 

from which 

N^M = Nip) 



N^^ip) = e~-^\^ N{p). (7.7) 

Let us now compute the scattering amplitude for the process above (two- 
particles in two particles) at one loop. We have two kinds of contribution 
to (17.51) . one coming from the planar terms (I4.24p . which in spatial coordi- 
nates read 



Gp{xuX2,Xs,x,) = [ e^^°-''4"\fci,fc2,fc3,fc4) (7.8) 



the other coming from non planar terms fl4.25p 



Ha ,^ ^" =e^^°^°G'gj,(A;i,A;2,fc3,fc4) (7.9) 

Let us do the computation for the planar case first. Substituting in (17.51) 
we find the same result in Moyal and Wick-Voros case; moreover they coincide 
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with the undeformed result: 

^2 



o 

(27r)3 (g2 _ -f722)(^(p^ + A;2 - qY - m^) IlLi (Pa - "^^) 

The integration over the x"" variables yields factors of (27r)^5*^^)(/ca — Pa)] 
therefore the propagators of the external legs cancel as in the standard case, 
as well as the factor 

SO that we are left with the usual commutative expression 

Sfi^pih, .., h) = Sfi{ki, .., ki) (7.12) 
In the NP case instead we find 

Sf,^^pik^,..,k,) = t}^^2nfNik^)Nik2)Niks)Nik,)Uae-^\>^^\' 



e 



y \/(27r)22^,. y \/(27r)22^„„ ^ '^'^ ^ 

(7.13) 



v/(27r)22^fc/ 7 V(27r)22^p„' 



(27r)3 (g2 _ ^2)((p^ + ^2 _ _ ^2) j|4^^ (^2 _ ^2) 

After integrating over x'^ the propagators of the external legs cancel and the 
simplification (17.111) continues to hold, but we are left with the exponential 
of Ea which does not simplify. Its explicit expression is given in (14.261) . as 
we can see it is an imaginary phase, and it has the same expression in the 
Moyal and Wick-Voros case. It depends on the q variable, therefore it gets 
integrated and modifies the IR and UV behaviour of the loop: this is the 
correction responsible for the UV/IR mixing 45||. Therefore we can conclude 
that 

%^mJvp(^1' ••' ^4) = Sfi^^^p{ki, .., ki) ^ Sfi{ki, .., /C4) (7.14) 
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8 Conclusions 



In Giuseppe Tomasi di Lampedusa's novel // Gattopardo (translated The 
Leopard) [5q] the Prince of Salina says: "Change everything so that nothing 
changes" . This sums up the situation that we faced in our analysis of the field 
theory in the presence of the Wick-Voros and Moyal products. We started 
with different actions, coming from different Lagrangians densities already 
at the level of the free theory. The free propagator for the Wick-Voros is 
different from the Moyal case, but the classical theory has no new solutions, 
and at the quantum level the poles of the propagators are the same. Then 
we found a different vertex for the quartic theory, which led to a different 
four points function. But the differences are reabsorbed in the S-matrix, 
provided one recognizes the properly normalized asymptotic states. It is not 
anymore enough to think of a flux of particles to be identified by ordinary 
plane waves described by the usual exponential wave with the customary 
dispersion relation. In a field theory with a different propagator such as 
the one considered here the asymptotic states change. The noncommutative 
cases are however different from the commutative one (something has to 
change!), but they describe the same "physics" among themselves. 

The two noncommutative products (Moyal and Wick-Voros) are different 
realizations of the same algebra, and as such describe the same noncommu- 
tative geometry, and it would have been curious to find different physical 
consequences. In fact one could have studied the noncommutative geometry 
exclusively at the operatorial level, without the need for a deformed product. 
But at the end of the day, to confront with a physical theory, one has to map 
the states into physically observable states, that an experimenter (at least an 
ideal one) can prepare. The correspondence between states and real objects 
is not immediate in noncommutative geometry, and has to be handled with 
extreme care. This is the morale of this tale. In noncommutative geome- 
try, the different structure of space time forces to change the correspondence 
between mathematical objects and physical observables. This should lead 
to the formulation of a coherent theory of observables and measurements on 
noncommutative spaces. 
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